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ABSTRACT
We review the results of arXiv:hep-th/0703190, on brane induced gravity (BIG) in 6D.
Among a large diversity of regulated codimension-2 branes, we find that for near-critical ten-
sions branes live inside very deep throats which efficiently compactify the angular dimension.
In there, 4D gravity first changes to 5D, and only later to 6D. The crossover from 4D to
5D is independent of the tension, but the crossover from 5D to 6D is not. This shows how
the vacuum energy problem manifests in BIG: instead of tuning vacuum energy to adjust
the 4D curvature, generically one must tune it to get the desired crossover scales and the
hierarchy between the scales governing the 4D → 5D → 6D transitions. In the near-critical
limit, linearized perturbation theory remains under control below the crossover scale, and
we find that linearized gravity around the vacuum looks like a scalar-tensor theory.
1Based on the talks given at the “Sowers Workshop”, Virginia Tech, May 14-18, 2007, “Cosmology and
Strings” workshop at ICTP, Trieste, Italy, July 9-13, 2007, “Dark Energy In the Universe”, Hakone, Japan,
Sep 1-4, 2007 and “Zagreb Workshop 2007”, Zagreb, Croatia, Nov 9-11, 2007.
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1 Introduction
Cosmological constant problem is the deepest problem of fundamental physics. To date, the
attempts to explain a small cosmological constant in effective field theory coupled to General
Relativity using dynamical adjustment have not yielded an answer [1]. The perspective may
change if our universe is a brane in extra dimensions [2]-[4]. In such setups one may divert
the brane vacuum energy into the extrinsic curvature [4], so that the vacuum energy could
remain invisible to long distance 4D gravity, yielding a low curvature 4D geometry. However,
while recovering exact 4D General Relativity at large distances, by using additional branes
in the bulk one rediscovers a fine-tuning similar to the standard 4D one [4, 5]. A program of
[6] has been initiated to seek the means to relax these fine-tunings in codimension-2 brane
setups. Interesting precursors to these ideas however can be found already in [7].
One may try to alleviate the problem by only approximating 4D General Relativity at
large distances, as in the brane induced gravity (BIG a.k.a. DGP) [8]. There the extra-
dimensional space may have an infinite volume, so that the 4D graviton completely decou-
ples. Thus 4D gravity must emerge from the exchange of the continuum of bulk modes.
This may occur with the help of the induced curvature terms on the brane [8], which control
the momentum transfer due to the scattering of virtual bulk gravitons and may yield a force
which scales as 1/r2, simulating 4D behavior [8]. The exact gravitational shock waves of [9]
confirm this nicely.
These mechanisms may operate on higher-codimension defects [8, 10]. In [11], with D.
Kiley we explored in a very detailed fashion the BIG mechanism on general codimension-2
branes floating in 6D. We presented exact background solutions with flat 4D geometries for
nonvanishing tensions, and regulating the short distance properties by considering hollow
cylindrical branes we calculated the various regimes of gravity. The most interesting case,
where the theory displayed a remarkably good perturbative behavior, was for near-critical
tensions, where the deficit angle around the brane was almost 2π. In this limit the bulk
compactifies to a very thin sliver [12], inside which bulk gravity is 5D. Because of this
gravity along the brane changes dimensions with distance according to 4D → 5D → 6D.
The crossover scale where gravity stops being 4D is independent of the tension, and can be
quickly obtained by using the naive crossover formula on a codimension-1 brane, realized as
a wrapped 4-brane in a 6D flat space with a compact circle: by Gauss formulas for Planck
masses M24 eff = M
3
5 r0 and M
3
5 eff = M
4
6 r0, we find exactly rc ∼
M24 eff
M3
5 eff
∼ M35
M46
, which is our
crossover formula from the exact shock waves, and which is the same as the see-saw scale
rc ∼ M
2
4
M46 r0
of [10]. Thus we see precisely how the see-saw mechanism emerges. However, BIG
is not free of the vacuum energy problem: although the brane is flat, when we fix M4, we
must finely tune the tension of the brane to get the bulk sliver geometry, that yields the
separation of the 4D and 6D regimes by a 5D one.
From the shock waves we have seen that the theory contains 4D General Relativity. We
unveil the rest in the linearized perturbation theory, which shows that there are scalar modes
with gravitational couplings to matter. In the near-critical limit linearized perturbation
theory around the vacuum remains under control in the 4D regime below the crossover
scale. While the radion is suppressed, the helicity-0 mode mediates an extra long range
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force around the 4D vacuum backgrounds, and where the linearized theory is 4D it a Brans-
Dicke gravity with ω = 0. This would disagree with the classic tests of General Relativity
[13], but perhaps non-linearities or dynamics on vacua of more complex structure could come
to the rescue. As the tension decreases towards sub-critical values the scalars start to couple
strongly, and the perturbativity of the 4D regime is lost exactly at the 4D crossover scale
rc, which is the Vainshtein scale [14] of the vacuum itself. This happens since the scalar
gravitons probe the regulating axion flux, which sources brane bending. On the other hand,
we do not find any instabilities in the leading order of perturbation theory.
In this note, we will review the near-critical limits for the sake of clarity. The detailed
analysis of the general sub-critical setups with flat 4D geometries can be found in [11]. We
should note that very recently in [15] similar features of BIG theory in 6D environments
were argued to emerge in a framework with more branes. Also, some ideas along these lines
were explored in a setup with codimension-3 branes with a solid deficit angle in [16].
2 Regulated Near-critical Branes
We model a 3-brane in 6D (codimension-2) by a 4-brane wrapped as a cylinder [17, 18], in
order to regulate the short distance singularities which will appear even in the classical theory.
When the 4-brane has nonzero tension, with the vacuum action Svacuum = − ∫ d5x√g5λ5, its
stress energy tensor will be TAB = −λ5δ(ρ − r0) diag(1, 1, 1, 1, 1, 0), where we wound it
around the circle of radius r0, with ρ along the normal to the brane. Thus, to wrap the
4-brane into a cylinder, we must cancel the pressure ∝ λ5 in the compact direction. A
simple way to do it is to put an axion-like field Σ on the 4-brane, with a vacuum action
Svacuum = − ∫ d5x√g5(λ5 + 12gab∂aΣ∂bΣ). Taking the fourth coordinate to be the angle on
the compact circle φ and substituting the Scherk-Schwarz ansatz Σ = qφ we choose q to
precisely cancel T φφ. This requires
λ5 =
1
2
q2gφφ , (1)
where gφφ = 1
r20
is the inverse radius squared of the compact dimensions. Then the remain-
ing components of the 4-brane stress energy become precisely T µν = −2λ5δµν . Thus the
brane source now reads TAB = −2λ5δ(ρ − r0) diag(1, 1, 1, 1, 0, 0), and the tensor structure
is precisely the same as in the stress energy tensor of a thin 3-brane. By inspection, we
see that if we shift the argument of the remaining radial δ-function to ρ − r0, it becomes
δ
(2)
thick(~y) =
1
2πr0
δ(ρ− r0), and so the effective 4D tension is
λ = 4πr0λ5 , (2)
relating the 5D and the effective 4D vacuum energies. The effective 4D vacuum energy λ
contains the contributions from the classical axion field Σ, doubling up its value, because of
the cancellation condition of Eq. (1).
The field equations for a 4-brane in a 6D bulk which include brane localized gravity
terms are [8, 10], in Gaussian-normal gauge, and with the 4-brane residing at ρ = r0,
M46G6
A
B +M
3
5G5
a
bδ
A
aδ
b
Bδ(ρ− r0) = T abδAaδbBδ(ρ− r0) , (3)
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which we apply to our cylindrical brane vacuum, imposing that the stress energy tensor is
covariantly conserved, that requires ∂a∂aΣ = 0. It is easy to check that by axial symmetry
the ansatz Σ = qφ trivially solves the latter equation. Then, the tensor structure of the
source, TAB = −2λ5δ(ρ − r0) diag(1, 1, 1, 1, 0, 0), guarantees that the flat 4D metric is a
solution, if the tension is again off-loaded into the bulk, like in the thin 3-brane case [19].
Tracing the field equations (3), and using (1) we find that the condition for this is that the
metric in the remaining two dimensions, coordinatized by the angular direction along the
brane and the radial distance away from it has curvature
R2 =
4λ5
M46
δ(ρ− r0) . (4)
It is straightforward to find the metric [11], which is
ds6
2 = ηµνdx
µdxν + dρ2 +
[
(1− bΘ(ρ− r0))ρ+ br0Θ(ρ− r0)
]2
dφ2 , (5)
where b = 2λ5r0
M46
. For ρ < r0 the 2D part of the metric is ds2
2 = dρ2 + ρ2dφ2, i.e. a flat disk,
while for ρ > r0 it becomes ds2
2 = dρ2+((1−b)ρ+b r0)2dφ2 = dρ2+(1−b)2(ρ+ b1−b r0)2dφ2,
precisely the metric on a cone, which we see by comparing it to the thin 3-brane metric
from the previous section. Thus the combined solution represents a truncated cone, with
a flat mesa of radius r0 on top, as depicted in Fig. (1). The geometry of the brane is 4D
Minkowski × circle.
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Figure 1: 2D bulk geometry of the resolved brane.
Looking at Eq. (5) for ρ > r0 we see that the critical string tension, where the deficit
angle becomes 2π, is again given by b = 1, which now corresponds to the tension λ5 cr =
M46
2r0
.
Comparing to the relation between the 5D tension λ5 and the effective 4D tension λ, given
by Eq. (2) we find that the critical value of the effective 4D tension is, not surprisingly,
3
λcr = 2πM
4
6 . Now, when b = 1−ǫ, it’s easy to see that the bulk cone looks like a sliver. In this
limit, the exterior bulk metric is approximately ds6
2 = ηµνdx
µdxν+dρ2+(ǫ(ρ−r0) + r0)2 dφ2.
This looks like the metric on a cylinder for r0 ≤ ρ <∼ r0/ǫ, because the variation of the radius
of the sliver, due to the change of radial distance ρ, is very small compared to the radius of
the brane r0. Near-critical branes reside inside deep bulk throats that only asymptotically
open into conical geometries [12], see Fig (2).
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Figure 2: 2D bulk geometry of the near-critical resolved 3-brane.
Note, that our construction is completely covariant from the bulk point of view, since
we can define the regulator by a variational principle, from a well defined 4-brane action.
Therefore we can explicitly check the properties of brane localized gravity, and calculate the
crossover scale inferred in [10] exactly.
3 Matter on Thick Branes
We can take the matter to be localized on the 4-brane, and described by the action Smatter =
− ∫ d5x√g5 Lmatter. Matter couples to the induced metric on the 4-brane g5 ab. Since we are
interested in the behavior of the theory at length scales greater than the radius of the brane,
r ≫ r0, we can dimensionally reduce the brane-localized sector on this direction, representing
all brane fields by the standard Fourier expansion ΦN (x
µ, r0φ) =
∑∞
n=−∞ΦN ,n(x
µ) einφ, where
N represents the quantum numbers of any particular representation on the brane. The
Fourier coefficients then give rise to the 4D KK towers of fields, with massesM2 = m2+n2/r20,
where m are the explicit 5D masses and the mass gap is 1/r0. This expansion also applies to
the brane induced metric and its curvature. Thus, at distances r ≫ r0 we can always model
the angular dependence of any configuration as a small, Yukawa-suppressed correction from
a KK momentum mode stretching along the compact circle.
To determine the stress energy tensors of the thin loops of matter on the wrapped
brane we can model them by a Nambu-Goto action for a string, Smatter = −µ ∫ d2σ√γ,
where µ is the mass per unit length of the string, σα are its two worldsheet coordinates,
which we will gauge fix to be t and r0φ, and γαβ is the induced worldsheet metric. We
then vary this action with respect to the metric of the target space on which the string
moves, in this case the metric of the background thick brane. Using the standard defini-
tion of the stress energy tensor τab, given by the functional derivative equation δSmatter =
1
2
∫
d5x
√
g5δgabτ
ab, to read off the stress energy tensor of the loop. Rewriting then the action
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as Sm = −µ ∫ d2σd5x√γ δ(5)(xM −xM(σ)), where the δ-function puts the string on its shell,
with the gauge choice σ0 = x0 and σ1 = r0φ, and using the vacuum solution (5) as the target
space, so that γαβ = ηαβ, we find
τab = −µ
∫
d2σδ(5)(xc − xc(σ))ηαβ ∂x
a
∂σα
∂xb
∂σβ
. (6)
This string stress energy is conserved, ∇aτab = 0, by virtue of the string equations of motion.
For static sources, the string representing only the lightest modes must be translationally
invariant in the compact direction, because by the discussion above any inhomogeneities
along the string can be viewed as heavy KK states at distances r ≫ r0, which decouple. For
such axially symmetric sources, the stress energy boils down to
τab = −µ δ(3)(~x) diag(1, 0, 0, 0, 1) . (7)
The parameter µ is the total rest mass per unit length of the configuration. For a relativistic
string, we can simply boost (7) along the direction of motion x‖, go to the light cone coordi-
nates x‖ = v+u, t = v−u and take the limit of infinite boost parameter while sending µ→ 0
[20, 21]. Since the momentum of the string p is the length of the string 2πr0 multiplied by
the finite limit of µ coshβ as β diverges, for sources composed of the lightest modes as in
(7) this yields, thanks to the properties of the vacuum (5),
τµν =
2p
2πr0
√
g4
g4uvδ(u)δ
(2)(~x⊥)δ
µ
vδ
u
ν . τ
φ
φ = 0 , (8)
To find the gravitational fields of these sources, we need to solve the BIG field equations
(3), in Gaussian-normal gauge with the brane at y = ρ − r0 = 0 and with a specified
T ab, which includes the background tension and axion flux, and τ
a
b as given in (7) or (8).
Rewriting field equations as the conditions on the Ricci tensor, we need to solve
M46R6
A
B =
[(
T ab −M35 (R5ab −
1
2
δabR5)
)
δAaδ
b
B − 1
4
δAB(T
a
a +
3
2
M35R5)
]
δ(ρ− r0) . (9)
4 Shocks
We determine the shock wave solution by introducing a discontinuity in the metric of Eq.
(5) according to the prescription of [21, 9], and demanding that the wave profile solves Eq.
(9). By axial symmetry of the source, we can only look for shock wave profiles f(~x⊥, ρ)δ(u)
that depend on the transverse coordinates along the brane ~x⊥ and the transverse distance ρ
orthogonal to the brane. Thus the shock wave metric is
ds6
2 = 4dudv − 4δ(u)fdu2 + d~x2⊥ + dρ2 +
[
(1− bΘ(ρ− r0))ρ+ b r0Θ(ρ− r0)
]2
dφ2 . (10)
Substituting this and (8) in Eq. (9), we find shock wave equation
∇42f + M
3
5
M46
∇22f δ(ρ− r0) = 2p
2πr0M46
δ2(~x⊥) δ(ρ− r0) . (11)
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The Laplacian ∇42 is defined on the truncated cone (5), such that for axially symmetric
shocks, ∇42f = ∇~x⊥2f + f ′′ + 1−bΘ(ρ−r0)(1−bΘ(ρ−r0))ρ+br0Θ(ρ−r0)f ′, where the prime denotes the ρ-
derivative. The latter term contains a jump across the 4-brane.
To solve (11), we Fourier transform in the brane transverse space. This yields [11]
(∇2~y − k2)ϕk =
(
2p
2πr0M46
+
M35
M46
k2ϕk
)
δ(ρ− r0) . (12)
We can use the standard methods for finding bulk field wave functions in the codimension-
1 brane setups: we solve Eq. (12) inside (−) and outside (+) the brane, and then use
the boundary conditions, which are the continuity of ϕk, the jump of ϕ
′
k as prescribed by
Gaussian pillbox integration of (12) around the brane, and the regularity of the solution
in the center of (5) and at infinity. Then using the axial symmetry in the ~x⊥ plane to
integrate over the transverse spatial angle in the Fourier transform formula, which gives
f = 1
2π
∫∞
0 dk kϕkJ0(k|~x⊥|), we finally obtain the expression for the shock wave profile [11]:
f(~x⊥, ρ) = − p
2π2r0
∫ ∞
0
dk
I0(kρ<)K0(kρ>)J0(k|~x⊥|)
M46
(
I0(kr0)K1(k
r0
1−b
) + I1(kr0)K0(k
r0
1−b
)
)
+M35kI0(kr0)K0(k
r0
1−b
)
,
(13)
where
I0(kρ<)K0(kρ>) =


I0
(
kρ
)
K0
(
k r0
1−b
)
, ρ ≤ r0 ;
I0
(
kr0
)
K0
(
k(ρ+ br0
1−b
)
)
, ρ ≥ r0 .
(14)
This solution is clearly regular on and off the brane, as long as r0 > 0. On the brane, ρ = r0,
it reduces to
f(~x⊥, r0) = − p
2π2r0
∫ ∞
0
dk
I0(kr0)K0(k
r0
1−b
)J0(k|~x⊥|)
M46
(
I0(kr0)K1(k
r0
1−b) + I1(kr0)K0(k
r0
1−b)
)
+M35kI0(kr0)K0(k
r0
1−b)
,
(15)
where all the individual contributions remain finite.
5 Scales of Gravity
Now we can look at the field along the brane, (15). The solution is dominated by the modes
with the momenta k ∼ 1/|~x⊥|, due to the oscillatory nature of J0. The contributions of the
modes with momenta k far from 1/|~x⊥| will interfere destructively. At transverse distances
|~x⊥| ≫ r0, we need to focus on the momenta for which kr0 ≪ 1. Thus we can always
replace the terms ∝ In(kr0) by their small argument expansion. For sub-critical branes,
1− b ∼ O(1), and we can likewise replace any Kn(k r01−b) by their small argument expansion
too. However, in the near-critical limit the deficit angle approaches 2π and so |1 − b| ≪ 1.
Hence the argument of K0(k
r0
1−b
) may be very large even when kr0 ≪ 1. Thus we must
consider the near-critical branes very carefully.
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For sub-critical branes, 1 − b <∼ O(1), kr0 ≪ 1 − b, and we can approximate all Bessel
functions by their small argument form. The shock along the brane then becomes
f(~x⊥, r0) ≃ − p
2π2M46
∫ ∞
0
dk k
ln
[
2(1−b)
kr0
]
J0(k|~x⊥|)
(1− b) + M35 r0
M46
k2 ln
[
2(1−b)
kr0
] . (16)
When k ∼ 1/|~x⊥| is large enough so that the second term in the denominator dominates,
which happens when k2 > k2c (k) =
(1−b)M46
M35 r0 ln
[
2(1−b)
kr0
] , the shock wave profile is
f(~x⊥, r0) ≃ − p
2π2M35 r0
∫ ∞
kc
dk
J0(k|~x⊥|)
k
=
p
πM24
ln
(
kc|~x⊥|
)
+ . . . . (17)
where we have used Gauss law to normalize the lightest KK modes in the expansion of the
brane induced curvature on the circle of radius r0 to M
2
4 = 2πM
3
5 r0. This is precisely the 4D
Aichelburg-Sexl solution [20], with the log profile normalized to the inverse of the critical
momentum kc. So for sub-critical branes the gravitational field looks 4D, like (17), only
when r < rc = 1/kc. At distances larger than rc, gravity eventually changes to 6D. In this
limit (14) or (15) yield
f ≃ − p
2π2(1− b)M46
∫ ∞
0
dk k I0(kr0)K0(k(ρ+
r0
1− b))J0(k|~x⊥|) + . . . , (18)
where the integral can be done in closed form, leading to [23]
f ≃ − p
2π2(1− b)M46
1
|~x⊥|2 + ρ2 + . . . . (19)
This is the 6D gravitational shock wave, constructed in [22], with the ‘lightning rod’ term
accounting for the brane tension as found in [23]. The distance scale which controls the
transition, r2c (k) =
M24
2π(1−b)M46
ln
[
2(1−b)
kr0
]
, is very different from the conjectured see-saw scale
of [10]. So for sub-critical branes the 4D → 6D transition is controlled by the ‘naive’ ratio
of brane and effective bulk Planck scales, and depends on the UV cutoff r0 of the brane core
only through the logarithmic correction reminiscent of ‘running’ in real space, which was
discussed for locally localized gravity in [24].
In the near-critical limit, b→ 1, the story is a lot more interesting. In this case the bulk
around the brane compactifies to a long cylinder, which opens up into a cone only very far
from the brane [12]. Bulk gravity in the throat is in the 5D regime, which separates the 4D
and 6D ones. Thus the crossover scale beyond which gravity is not 4D determines where it
changes to 5D gravity which lives inside the throat. In the shock wave solution (15), we can
always use small argument expansion for In(z) at large distances from the source, but in the
functionsKn(z) we must use the large argument expansion for the momenta 1−b≪ kr0 ≪ 1,
which correspond to length scales ℓ <∼ r01−b inside the conical throat. In this case gravity is
4D for momenta k > kc =
M46
M35
K1(k
r0
1−b
)
K0(k
r0
1−b
)
, which thanks to the limit K1 → K0 saturates to
kc =
M46
M35
. Therefore the scale below which gravity is 4D is rc =
M35
M46
, which is valid as long as
7
rc <
r0
1−b . This scale is exactly the see-saw scale of [10]: using Gauss’s law M
2
4 = 2πM
3
5 r0,
we find
rc =
M24
2πM46 r0
. (20)
This explains the see-saw effect, showing that at least with our regularization, it does happen
naturally but only in the near-critical limit.
To confirm that inside the conical throat gravity is 5D, we can look at our solution for a
fixed distance |~x⊥| and take the limit b→ 1 while holding r0 fixed. Replacing Kn’s by their
large argument expansion for any finite momentum, cancelling the like terms, and taking
the thin brane limit, we find [11]
f(~x⊥, ρ) = − p
2π2
∫ ∞
0
dk
J0(k|~x⊥|)
M46 r0 +M
3
5 r0k
= −2p
∫ ∞
−∞
d2~k
(2π)2
ei
~k·~x⊥
2πM46 r0 k + 2πM
3
5 r0 k
2
. (21)
This is precisely the shock wave profile on a flat thin 3-brane in 5D, on the normal branch,
with brane and bulk Planck masses M24 eff = 2πM
3
5 r0 and M
3
5 eff = 2πM
4
6 r0 [9, 11].
So the crossover scale for sub-critical and near-critical branes, beyond which gravity is
not 4D anymore, is given by
r2c =


M24
2π(1−b)M46
ln
[
2(1−b)
kr0
]
, subcritical tension;
M44
4π2M86 r
2
0
, near− critical tension, (22)
only in the latter case agreeing with the see-saw scale discussed in [10].
6 Gravity of Slow Sources
The shock wave analysis can only discover the presence of helicity-2 modes, since in the limit
of relativistic sources when the rest masses vanish, the source stress energy tensor becomes
traceless. Such sources will not excite the additional helicities in the graviton spectrum in the
linearized theory. Thus to see what else is in the spectrum, one eventually needs to engage
in the laborious procedure of gravitational perturbation theory around slow, nonrelativistic,
sources. This analysis has been done in full detail in [11]. Here we will merely recall few
basic results.
The perturbed metric in the brane-fixed Gaussian-normal gauge,
ds6
2 = (ηµν + hµν) dx
µdxν + dρ2 + (1 + Φ˜)α(ρ) dφ2 , (23)
with ξ˜ = 0 and α = gφφ of the background. The axion perturbation obeys ∂4
2σ = 0, and
so in the linear order the axion is not sourced by axially symmetric matter distributions
and can be set to zero. Substituting this in the field equations (9) we can get the equations
of perturbations. We can solve them most easily by decomposing into helicities, using the
transverse-traceless tensor projection operator Kµναβ , such that Kµν
αβhαβ = γµν . This
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operator must satisfy Kµναβ = Kνµαβ = Kµνβα and K
µ
µαβ = ∂
µKµναβ = 0. The unique
solution is
Kµναβ = − 1
3
[
ηµνηαβ − 3
2
(
ηµαηνβ + ηµβηνα
)
− ηµν ∂α∂β
∂42
− ηαβ ∂µ∂ν
∂42
+
3
2
(
ηνβ
∂µ∂α
∂42
+ ηµβ
∂ν∂α
∂42
+ ηνα
∂µ∂β
∂42
+ ηµα
∂ν∂β
∂42
)
− 2∂µ∂ν∂α∂β
∂44
]
. (24)
Since the vacuum (5) is 4D-flat, stress energy conservation implies ∂µτ
µ
ν = 0, and so
Kµν
αβταβ = τ
µ
ν − 13
(
δµν − ∂µ∂ν∂42
)
ταα. Hence the TT-tensor field equation is
γµν
′′+
α′
2α
γµν
′−k2γµν−M
3
5
M46
k2γµν δ(ρ−r0) = − 2
M46
[
τµν−1
3
(
δµν−k
µkν
k2
)
ταα
]
δ(ρ−r0) . (25)
Subtracting this from the full set of equations isolates the vectors and scalars. Because
the backgrounds (5) are Lorentz-invariant, the vector sources vanish at the linear order and so
the vectors decouple from the matter distribution, so they can all be set to zero. The scalars
remain. They are all controlled by a single independent scalar field, the ‘radion’, defined by
X = 1
4
(h4 − ∂42Ψ), where Ψ is fully determined by X [11], and shµν = ∂µ∂νΨ + Xδµν . A
straightforward albeit lengthy calculation [11] then yields the field equation for it, which can
be written as
X ′′ +
α′
2α
X ′ − k2X − M
3
5
M46
(
k2 +
3bM46
4M35 r0
− β(k2)
)
X δ(ρ− r0) =
− 1
6M46
(
ταα +
3M35 r0k
2
bM46
1− b− bM46 r0
M35
1− b+ k2r20
τφφ
)
δ(ρ− r0) , (26)
where
β(k2) =
3M35 r0
4bM46
1− b
1− b+ k2r20
(
k2 +
bM46
M35 r0
)2
, (27)
is the correction to the brane kinetic term of the scalar X originating from the brane bend-
ing contributions. This equation is very similar to the TT-tensor equation (25), with the
differences being in the brane-localized terms.
We can solve both of these equations using the standard Green’s function techniques [11].
The Green’s functions for the TT-tensor and radion are defined by, respectively,
GTT′′ + α
′
2α
GTT′ − k2GTT − M
3
5
M46
k2GTT δ(ρ− r0) = 1
M46
δ(ρ− r0) , (28)
GX′′ + α
′
2α
GX′ − k2GX − M
3
5
M46
(
k2 +
3bM46
4M35 r0
− β(k2)
)
GX δ(ρ− r0) = 1
M46
δ(ρ− r0) . (29)
The solutions are, formally,
γµν(k, ρ) = −2GTT(k, ρ)
[
τµν − 1
3
(
δµν − k
µkν
k2
)
ταα
]
, (30)
X(k, ρ) = −1
6
GX(k, ρ)
[
ταα +
3M35 r0k
2
bM46
1− b− bM46 r0
M35
1− b+ k2r20
τφφ
]
. (31)
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Since the theory has scalars, in general one must worry about which frame one extracts
the long range fields in. The long distance dynamics will be described by a scalar-tensor
theory, where the radion is the Brans-Dicke-like scalar. To go to the effective ‘Einstein’
frame, we can conformally remove the radion which on the brane yields the Einstein frame
metric perturbation
hE µν = γ
µ
ν − 4
(
X − r0k
2
2
ξ
)
kµkν
k2
+
(
ξ
r0
− X
2
)
δµν , (32)
where of course ξ is given by X [11]. However in the near-critical limit, it turns out that the
radion is suppressed and so in fact the metric coincides with the TT-tensor to the leading
order, as we are about to see.
For static solutions, the Fourier transforms all have kµ = (0, ~k), and therefore are given
by G(k) = 2πδ(k0)G(~k). Factorizing out the energyδ-function, setting k0 = 0 in the formulas
of the previous section, and dropping the integration
∫
dk0
2π
from the Fourier integral we then
solve the Green’s function equations (28) and (29). On the brane ρ = r0 at distances ℓ≫ r0
we must be cautious with K0 and K1 since they depend on the deficit angle, as in the shock
wave case. The consistent approximation for the Green’s functions on the brane is [11]
GTT = 1
M46
1
K1(k
r0
1−b
)
K0(k
r0
1−b
)
k +
M35
M46
k2
, (33)
GX = 1
M46
1
K1(k
r0
1−b
)
K0(k
r0
1−b
)
k +
M35
M46
[k2 +
3bM46
4M35 r0
− β(k2)]
, (34)
For the TT-tensor, the behavior of the theory is governed by the ratio kc =
M46K1(k
r0
1−b
)
M35K0(k
r0
1−b
)
, which
controls the denominator of GTT at low momenta. For k < kc, or distances ℓ > 1/kc, the
dominant contributions always come from ∝ K1(k
r0
1−b
)
K0(k
r0
1−b
)
. In this limit the long range fields
manifestly reveal the extra dimensions, since the scaling of the potentials will not be 4D.
The critical value kc is exactly the same as the one discovered by the shock wave analysis.
Thus specifically in the near-critical limit, the crossover scale is rc =
M35
M46
, where gravity first
changes into a 5D theory. Eventually, the circle opens up and the theory turns into a 6D
gravity on a cone. The crucial dynamics which manufactures this sequence of transitions is
the compactification of one bulk dimension induced by a near-critical brane [12].
The function GX is considerably more involved because of β(k2) in the denominator. It
behaves differently for generic sub-critical and for near-critical branes. For generic sub-
critical branes, b <∼ 1, at scales k ≪ 1/r0, GX function (34) reduces to
GX = 1
M46
r0 ln[
2(1−b)
kr0
]
1− b− 3M65 r20
4bM86
k2
(
k2 +
2bM46
3M35 r0
)
ln[2(1−b)
kr0
]
, (35)
where we have approximated
K1(k
r0
1−b
)
K0(k
r0
1−b
)
with the small argument expansion. At very large
distances GX ≃ r0 ln[
2(1−b)
kr0
]
(1−b)M46
, implying that the configuration space solution for the scalar field
10
X depends on the distance as X ∼M/|~x|3 - i.e. as a field in 6D. But as we get closer to the
source, the negative momentum-dependent terms in the denominator of GX make the scalar
force grow, and the scalar eventually becomes strongly coupled as k approaches the pole of
(35). This happens when k ∼ k∗, where
k2∗ ≃
2(1− b)M46
M35 r0 ln[
2(1−b)
kr0
]
. (36)
But this is basically the same as the crossover momentum in the TT-tensor sector! So for
sub-critical branes inside the regime of length scales ℓ < r∗ where
r2∗ ≃
M24
2(1− b)M46
ln[
2(1− b)
kr0
] , (37)
the scalar sector is in fact strongly coupled. This makes the perturbation theory around
the vacuum on sub-critical branes completely unreliable inside the regime where gravity
might be 4D. The negative signs of the momentum-dependent terms in the denominator
of (35) might naively suggest presence of ghosts in this regime, but at this level of the
approximation we cannot conclude that decisively. We conclude that at the level of linearized
perturbation theory the gravitational effects below the crossover scale are not calculable for
generic subcritical cases.
In the near-critical limit the scalar sector behaves very differently. At distances ℓ ≫ r0,
the scalar Green’s function is [11]
GX = 1
M46
1
k +
M35
M46
r20k
2
1−b+r20k
2 (k2 +
3
4rcr0
)
, (38)
where rc =M
5
3 /M
4
6 is the TT-tensor crossover scale. Now, it is convenient to define the scale
rvac = r0/
√
1− b. When b → 1 we have rvac ≪ r01−b , and so the scale rvac is always smaller
than the size of the conical throat surrounding the brane. This is why the scale rvac may
compete with rc for the control over the scalar sector. Both rvac and rc are smaller than the
size of the throat, and the details of sub-crossover dynamics depend on their ratio. Skipping
some details, we can check [11] that the scalar X is either more weakly coupled to matter
than the TT-tensor (when rvac < rc) or is Yukawa-suppressed, by a mass term m
2
X
= 3
4rcr0
(when rvac > rc). Either way, the long range forces generated by scalars in the linearized
approximation on near-critical branes turn out to be small compared to those arising from
the TT-tensors.
Therefore the effective 4D theory below the crossover scale rc, in the regime of distances
r0 ≪ ℓ≪ rc is completely controlled by the TT-tensors. In this regime their Green’s function
reduces to GTT → 1M35k2 . For non-relativistic matter sources τ
a
b = −µ diag(1, 0, 0, 0, 1) the
linearized solution is
γµν(k, ρ) =
2µ
3M35k
2


2 , µ = ν = 0 ,
−
(
δjk − kjkkk2
)
, µ = j, ν = k . (39)
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Fourier-transforming to coordinate space and recalling that µ is the mass per unit length
of string, so that µ = M
2πr0
, and using as before the Gauss law M35 =
M24
2πr0
, and introducing
the effective 4D Newton’s constant GN eff =
1
8πM24
we finally obtain the TT-tensor in the 4D
regime:
γ00(~x) =
8
3
GN eff
M
|~x| ,
γjk(~x) = −2
3
GN eff
M
|~x|
(
δjk +
xjxk
~x2
)
. (40)
The Newtonian potential VN = −h00/2 = −43 GN eff M|~x| , is a factor of 4/3 larger than
the usual formula of General Relativity, which a manifestation of the Iwasaki-van Dam-
Veltman-Zakharov discontinuity [13]. This signals the presence of the helicity-0 modes in
the graviton multiplet. The factor 4/3 enhancement is precisely what one expects based
on other examples [8], and in this case shows that the extra helicity-0 modes in the spin-2
multiplet mediate attractive force, just as the helicity-2 modes. In fact the solution (40)
mimics a Brans-Dicke theory with γ = 1
2
, or therefore, with the Brans-Dicke ω parameter
equal to zero, where the parameter ω is defined in the usual way in the Brans-Dicke action
as SBD =
∫
d4x
√
g(ΦR − ω(∇Φ)2/Φ). This theory is in conflict1 with observational data as
it stands, and hence is not a realistic description of our Universe.
However, it is conceivable (although not certain) that different strong coupling effects
at higher orders in perturbation theory might improve the behavior of long range fields of
masses far from the source but well below the crossover scale [14, 26]-[30]. Another possibility
might be that the additional tweaks of the bulk theory, e.g. curving the bulk locally, could
change how the helicity-0 mode couples to brane matter. Either way, the scalar couplings
remain consistently weak for static sources on near-critical branes with b → 1. The static
solutions are governed by Euclidean momenta, and so they are always finite in linearized
theory around near-critical vacua, in contrast to the fields of masses which perturb generic
sub-critical vacua. Thus linearized perturbation theory remains under control on near-critical
vacua. Similar arguments show that the near-critical propagating solutions also remain under
control [11].
7 Summary
BIG models may in fact approximate 4D worlds between the UV cutoff that resolves the
core of the gravity-localizing defect and the crossover scale, if their Scherk-Schwarz sector is
carefully tuned to yield 4D Minkowski vacua. We have seen this explicitly in the example
of regulated codimension-2 defects, which remain perturbatively calculable and have a 4D
regime for near-critical tensions. We feel that similar conclusions may extend to any setups
with codimension ≥ 2. The gravitational sector contains additional scalars, but at least at
the linearized order there are no ghosts, of the kind that plague the codimension-1 DGP
1Ideas for decoupling of the Brans-Dicke scalar by using radiatively induced potential were explored in
[25], however the field Φ here is, as we noted, really the helicity-0 graviton.
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models [29, 31]-[35], or were argued to arise in soft gravity resolutions of higher-codimension
cases [36].
The cosmological constant problem changes completely in BIG codimension-2 setups.
Putting brane localized terms and changing gravity in the IR by itself does not solve it.
Instead, one still has vacuum energy problem, since the tension of the brane needs to be
tuned to get a desired low energy theory. But now, vacuum energy does not need to curve
the 4D geometry at all. Instead, we must tune the vacuum energy to get a weak 4D gravity
over a large spatial region and maintain perturbativity in the scalar graviton sector. This
might offer a different strategy to help with the vacuum energy problem: perhaps the fact
that graviscalars go into the strong coupling for detuned tensions can be used as a new tool.
One might try to look, for example, for theories where the tuned value of the tension, which
ensures perturbativity, marks an IR fixed point of the combined matter and graviscalar
theory. In this case, at least some of the premises of the Weinberg’s no-go theorem for
cosmological constant adjustment [1] would be violated, and it would be interesting to see
what the consequences are.
The numerology of the near-critical codimension-2 BIG is rather intriguing. Using the
formula for the 4D → 5D crossover scale rc = M35 /M46 , we see that to get rc to be of
the order of the current horizon size, H−10 ∼ 1028cm, and ensure that matter on the brane
looks pointlike at energies below a TeV, we need M6 >∼ TeV, and therefore M5 <∼ 1019GeV.
Further to reproduce the 4D Newton’s constant below the crossover scale, one needs to
pick r0 >∼ 10−19GeV−1. So we must tune the theory to make sure that the brane is very
thin, with many hidden sector fields, to get such hierarchies. We don’t have much to add
to the discussion of how to do it, but merely note that this is in line with the current
philosophy of the BIG models [8]. While some work along the lines of embedding the theory
into string theory, that would provide the framework for its full UV completion, has been
pursued [37, 38, 39], the existing constructions are really semiclassical models where gravity
is treated classically. At least, we can explore the low energy consequences of such models.
Many questions remain open. Can the helicity-0 modes decouple? Are there dangerous
instabilities beyond the linear order? Can BIG theory be UV-completed? Most interestingly,
could the new guise of the cosmological constant problem open some new directions to
circumvent the Weinberg no-go theorem [1]? While we can’t address these issues here, we
hope to return to them soon.
Acknowledgements
We would like to thank Derrick Kiley for collaboration and Alberto Iglesias, Robert My-
ers, Minjoon Park, Oriol Pujolas, Lorenzo Sorbo and John Terning for interesting discussions.
N.K. is grateful to Galileo Galilei Institute, Florence, Italy, for kind hospitality in the course
of this work, and to the organizers of the “Sowers Workshop”, Virginia Tech, May 14-18,
2007, “Cosmology and Strings” workshop at ICTP, Trieste, Italy, July 9-13, 2007, “Dark
Energy In the Universe”, Hakone, Japan Sep 1-4, 2007 [40] and “Zagreb Workshop 2007”,
Zagreb, Croatia, Nov 9-11, 2007, for the opportunity to present the results and the kind
hospitality. This work has been supported in part by the DOE Grant DE-FG03-91ER40674,
in part by the NSF Grant PHY-0332258 and in part by a Research Innovation Award from
the Research Corporation.
13
References
[1] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989).
[2] V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B 125, 139 (1983).
[3] B. Holdom, ITP-744-STANFORD preprint, 1983.
[4] N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and R. Sundrum, Phys. Lett. B 480, 193
(2000); S. Kachru, M. B. Schulz and E. Silverstein, Phys. Rev. D 62, 045021 (2000).
[5] S. Forste, Z. Lalak, S. Lavignac and H. P. Nilles, Phys. Lett. B 481, 360 (2000).
[6] Y. Aghababaie et al., JHEP 0309, 037 (2003); C. P. Burgess, J. Matias and F. Quevedo,
Nucl. Phys. B 706, 71 (2005).
[7] J. W. Chen, M. A. Luty and E. Ponton, JHEP 0009, 012 (2000).
[8] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000); G. R. Dvali
and G. Gabadadze, Phys. Rev. D 63, 065007 (2001).
[9] N. Kaloper, Phys. Rev. Lett. 94, 181601 (2005) [Erratum-ibid. 95, 059901 (2005)];
Phys. Rev. D 71, 086003 (2005) [Erratum-ibid: D71 (2005) 086003].
[10] G. Dvali, G. Gabadadze, X. r. Hou and E. Sefusatti, Phys. Rev. D 67, 044019 (2003).
[11] N. Kaloper and D. Kiley, JHEP 0705, 045 (2007).
[12] N. Kaloper, Phys. Lett. B 652, 92 (2007).
[13] Y. Iwasaki, Phys. Rev. D 2, 2255 (1970); H. van Dam and M. J. G. Veltman, Nucl.
Phys. B 22, 397 (1970); V. I. Zakharov, JETP Lett. 12 312, (1970).
[14] A. I. Vainshtein, Phys. Lett. B 39 393, (1972).
[15] C. de Rham, G. Dvali, S. Hofmann, J. Khoury, O. Pujolas, M. Redi and A. J. Tolley,
arXiv:0711.2072 [hep-th].
[16] G. R. Dvali, arXiv:hep-th/0004057.
[17] C. P. Burgess, F. Quevedo, G. Tasinato and I. Zavala, JHEP 0411, 069 (2004);
C. P. Burgess, D. Hoover and G. Tasinato, JHEP 0709, 124 (2007).
[18] M. Peloso, L. Sorbo and G. Tasinato, Phys. Rev. D 73, 104025 (2006).
[19] R. Sundrum, Phys. Rev. D 59, 085010 (1999).
[20] P. C. Aichelburg and R. U. Sexl, Gen. Rel. Grav. 2, 303 (1971).
[21] T. Dray and G. ’t Hooft, Nucl. Phys. B 253, 173 (1985); Class. Quant. Grav. 3, 825
(1986).
14
[22] V. Ferrari, P. Pendenza and G. Veneziano, Gen. Rel. Grav. 20, 1185 (1988); H. de Vega
and N. Sanchez, Nucl. Ph. B 317, 706 (1989).
[23] N. Kaloper and D. Kiley, JHEP 0603, 077 (2006).
[24] N. Kaloper and L. Sorbo, JHEP 0508, 070 (2005).
[25] A. Albrecht, C. P. Burgess, F. Ravndal and C. Skordis, Phys. Rev. D 65, 123507 (2002).
[26] C. Deffayet, G. R. Dvali, G. Gabadadze and A. I. Vainshtein, Phys. Rev. D 65 044026,
(2002).
[27] N. Arkani-Hamed, H. Georgi and M. D. Schwartz, Annals Phys. 305 96, (2003).
[28] V. A. Rubakov, arXiv:hep-th/0303125.
[29] M. A. Luty, M. Porrati and R. Rattazzi, JHEP 0309, 029 (2003).
[30] A. Nicolis and R. Rattazzi, JHEP 0406, 059 (2004).
[31] K. Koyama, Phys. Rev. D 72, 123511 (2005); D. Gorbunov, K. Koyama and
S. Sibiryakov, Phys. Rev. D 73, 044016 (2006).
[32] C. Charmousis, R. Gregory, N. Kaloper and A. Padilla, JHEP 0610, 066 (2006); R. Gre-
gory, N. Kaloper, R. C. Myers and A. Padilla, JHEP 0710, 069 (2007).
[33] C. Deffayet, G. Gabadadze and A. Iglesias, JCAP 0608, 012 (2006).
[34] K. Izumi, K. Koyama and T. Tanaka, arXiv:hep-th/0610282.
[35] M. Carena, J. Lykken, M. Park and J. Santiago, Phys. Rev. D 75, 026009 (2007).
[36] S. L. Dubovsky and V. A. Rubakov, Phys. Rev. D 67, 104014 (2003).
[37] E. Kiritsis, N. Tetradis and T. N. Tomaras, JHEP 0108, 012 (2001).
[38] S. Corley, D. A. Lowe and S. Ramgoolam, JHEP 0107, 030 (2001).
[39] I. Antoniadis, R. Minasian and P. Vanhove, Nucl. Phys. B 648, 69 (2003).
[40] http://www.resceu.s.u-tokyo.ac.jp/workshops/resceu07s/files/Kaloper3.pdf
15
